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1 Local Polynomial Regression
Given data of the form (x1, y1), (x2, y2), . . . , (xn, yn), we seek an estimator of the function g(x)
satisfying the model

yi = g(xi) + εi, xi ∈ R, (1)

where the noise term {εi} is a set of n i.i.d. data points. Each individual noise value εi follows
a distribution with mean 0 and variance σ2. Local polynomial regression is based on estimating
g(x0) for any value x0, using only data in the immediate neighbourhood of x0 [15]. It amounts to
weighted least-squares where the weights are taken to be high for those x values close to x0 and
lower for those x values further away from x0.
We will now set out the notation to be used in this paper. First, we denote the weight of kernel
function by K(x) and will focus on the Gaussian kernel:

K(x) =
1√
2π
e−

x2

2 , x ∈ R.

The weighted least-squares problem corresponding to (1) is to minimize

n∑
i=1

(
yi −

p∑
j=0

(xi − x0)jβj

)2

K

(
xi − x0
h

)
, (2)

where the parameter h is the bandwidth, with respect to β0, β1, . . . , βp. In vector-matrix form, the
least-squares problem of (2) is to minimize

(yyy −Xp,x0βββ)
ᵀWx0(yyy −Xp,x0βββ)

with respect to βββ, where Wx0 is a diagonal matrix with ith diagonal element is K(xi−x0
h

)/h, and
Xp,x0 is the usual design matrix for pth degree polynomial regression centered at x0. That is,

Xp,x0 =

1 (x1 − x0) . . . (x1 − x0)p
...

... . . . ...
1 (xn − x0) . . . (xn − x0)p

 .

1



The least-squares estimator for βββ (at x0) is

β̂ββ = (Xᵀ
p,x0

WXp,x0)
−1Xᵀ

p,x0
Wyyy.

Therefore, the local polynomial estimator for g(x0) is given by

g̃(x0;h, p) = eᵀ1(X
ᵀ
p,x0

WXp,x0)
−1Xᵀ

p,x0
Wyyy, (3)

where e1 is the (p+ 1)× 1 vector having 1 in the first entry and all other entries 0.
It is well known that nonparametric regression is more flexible than parametric regression, but

it might miss information that comes from some prior knowledge which could be exploited to
increase fitting precision.

Data sharpening is defined as to make a procession on the raw data so that when substituted into
a conventional estimator, the performance of the processed data is better than the raw data. In 1999,
Choi and Hall [17] introduced the idea of data sharpening by constructing a data-perturbation
method and proved that the new method can reduce the bias of a wide variety of density estimators.
It can be applied in univariate, multivariate, spatial and spherical data settings. The main idea of
this method is to move points towards local modes to reduce bias at the peaks. In 2000, Choi et al.
[4] applied the data shifting idea

y∗i = 2yi − g̃(xi)

on nonparametric regression and proved that this method can reduce the bias of the estimation
as it has the conditional bias of size h4 and conditional variance of size (nh)−1. That method
was proposed on the local linear and the Nadaray-Watson estimators in multivariate settings. In
2012, Wang et al. [14] extended that method into multivariate local quadratic estimators both
theoretically and numerically.

In 2001, Braun and Hall [18] suggested a distance based form of data sharpening by minimize
the distance between the raw data and the perturbed data subject to a predefined constraint, which
could force the estimated curve being monotone or unimodal. In this case, the data sharpening
question can be considered as a quadratic programming problem. Here, the amount and extent of
sharpening is determined implicitly by a Lagrange-multiplier equation. The distance function they
used was lp norm where p ∈ [1, 2], that is,

D(yyy,yyy∗) =
n∑
i=1

|yi − y∗i |p.

Braun and Hall [18] numerically found that using l1 norm as the distance function has a good
performance. In 2005, Hall and Kang [19] proved theoretically that the data sharpening based on
l1 norm, or using closely related distance functions, performs particularly well when focusing on
the unimodal kernel density estimation.

Instead of solving a quadratic programming problem, in 2018, Braun et al. [2] provided an
approach to imposing a global constraint, which comes from previous experience gained through
analysis of related data sets or from prior knowledge, on a local regression estimator via a penal-
ized data sharpening procedure. Since the estimator is subject to a soft constraint, that approach
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benefited from the prior knowledge and is still very flexible. Some details about this method are
reviewed in the next section.

Please note that all three papers [18], [19] and [2] listed above were considered univariate case.

2 Improving Local Polynomial Regression with Penalized L2

Sharpening
The goal of data sharpening is to get an improved estimator ĝ(z;h, p) using the construction of
g̃(z;h, p) but replacing yyy with sharpened (i.e. perturbed) response observationsyyy∗yyy∗yyy∗ = {y∗1, . . . , y∗n}ᵀ :
ĝ(z) = aaa(z;h, p)ᵀyyy∗yyy∗yyy∗. Assuming some kind of prior knowledge, we can obtain a linear operator b
such that [b ◦ g](z) = 0, where b =

∑L∗

r=L∗
αrD

(r), where αr are constants, D is the differen-
tial operator, and 0 < L∗ < L∗ < ∞. This class has been employed by Heckman and Ramsay
[7] who introduced many desirable functional constraints such as the roughness penalty and the
periodicity penalty.
Let xxx and zzz = (z1, . . . , zm)

ᵀ be ordered vectors with the same range. Then we identify zzz as the grid
points in R, where we do the function estimation, and we useBBB(zzz;h, p) to denote the n×mmatrix
whose jth column is b̃̃b̃b(zj;h, p) = [b ◦ aaa](zj;h, p). Braun et al. [2] proposed that data sharpening
can be achieved by solving the optimization problem

Argminyyy∗ ‖yyy − yyy∗‖22 + λ‖BBB(zzz;h, p)ᵀyyy∗‖22. (4)

This gives us a choice, we can estimate the regression function using local polynomials: g̃(z) =
aaa(z;h, p)ᵀyyy, or using local polynomials applied to the sharpened data: ĝ(z) = aaa(z;h, p)ᵀyyy∗. With
fixed h, p and λ, the expectation of the sharpened responses yyy∗ is (I+λBBB(zzz;h, p)BBB(zzz;h, p)ᵀ)−1g(xxx).
We usePPP (zzz;h, p, λ) to denote the positive semidefinite and symmetric matrix (I+λBBB(zzz;h, p)BBB(zzz;h, p)ᵀ)−1.
The conditional expectation and conditional variance of ĝ(z) at a fixed z ∈ R are:

E(ĝ(z)|x, z;h, p, λ) = AAA(zzz;h, p)ᵀPPP (zzz;h, p, λ)g(xxx),

V ar(ĝ(z)|x, z;h, p, λ) = σ2AAA(zzz;h, p)ᵀPPP (zzz;h, p, λ)2AAA(zzz;h, p).

The variance of ĝ(·) is decreased relative to the unpenalized estimator, while its bias remains
at the same asymptotic order as g̃(·). This has been proved in [2]:

Fact 2.1. [2, Proposition 1, 2, 3]

1. Let (X, Y ) : {(xi, yi) : i = 1, . . . , n} be independent observations and h, p(≥ 0) be fixed, let
g̃ and ĝ as defined above, V ar(g̃(z)|x, z;h, p) − V ar(ĝ(z)|x, z;h, p, λ) ≤ 0 for all z ∈ R,
and the equal sign holds only when either λ = 0 orBBB(zzz;h, p)ᵀAAA(zzz;h, p)ᵀPPP (zzz;h, p, λ) = 0.

2. If g(xi) can be expanded in a Taylor series around z ∈ R as g(xi) =
∑∞

l=0 g
(l)(z)(xi −

z)l/l!, and the functional constraint is based on a constant coefficient linear homogenous
differential equation such that [b ◦ g](z) = 0, the conditional bias of ĝ(z) remains at the
same order as g̃(z).
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3. The expectation of the sum of squared residuals is

E[
n∑
i=1

{yi − ĝ(xi)}2|x;h, p, λ] = σ2(n− 2v∗1 + v∗2) +
n∑
i=1

Bias2{ĝ(xi)|x;h, p, λ},

where v∗1 = trace(AAA(zzz;h, p)ᵀPPP (zzz;h, p, λ)), v∗2 = trace(AAA(zzz;h, p)ᵀPPP (zzz;h, p, λ)2AAA(zzz;h, p)).

However, λ and h were chosen in an ad hoc manner in [2]. Thus, a more systematic approach
is needed.

3 Taking a Ridge Perspective as a Route to Choose λ
By considering equation (4) as a Ridge Regression problem, we can find an effective way to select
λ. The equation (4) can be written as

Argminyyy∗ ‖BBB(zzz;h, p)ᵀyyy∗‖22 + λ∗‖yyy − yyy∗‖22, (5)

where λ∗ = 1/λ. Although the numerical solution for yyy∗ does not change for a fixed λ ∈ (0,+∞),
the change in orientation is useful. In (4), ‖BBB(zzz;h, p)ᵀyyy∗‖22 is considered as the penalty term, but
in (5), ‖yyy − yyy∗‖22 is considered the penalty term instead.

Let γγγ = yyy − yyy∗. Then (5) becomes

Argminγγγ ‖BBB(zzz;h, p)ᵀy −BBB(zzz;h, p)ᵀγγγ‖2 + λ∗‖γγγ‖22. (6)

From the Ridge point of view, the question becomes: consider BBB(zzz;h, p)ᵀy as a new response yb
andBBB(zzz;h, p)ᵀ as the design matrix, we want to find a parameter vector γγγ to minimize

‖yb −BBB(zzz;h, p)ᵀγ‖22 + λ∗‖γγγ‖22,

which leads to ridge regression estimator for γ in the regression model:

yb = BBB(zzz;h, p)ᵀγ + ν,

where ν has mean 0 and variance-covariance matrix
∑

= BBB(zzz;h, p)ᵀBBB(zzz;h, p). We can also view
this as a constrained optimization problem:

‖yb −BBB(zzz;h, p)ᵀγγγ‖2 subject to ‖γγγ‖22 ≤ C,

where C is a positive constant.
The solution of (4) is

yyy∗ = (I+λBBB(zzz;h, p)BBB(zzz;h, p)ᵀ)−1yyy, (7)

where λ = 1
λ∗

.

Algorithm 3.1. Choosing the tuning parameter λ.
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1. Set yb = BBB(zzz;h, p)ᵀyyy, ω be the length of yb and sy be the standard deviation of yb.

2. Set a sequence of lambda value lamseq.

3. Build a model called fit by setting

fit =cv.glmnet(t(B), yb, alpha = 0, intercept = FALSE, standardize = FALSE,

lambda = lamseq, thresh = 1e− 20).

4. Choose the element in lamseq which has the minimum cross validation score, name it λ0.

5. Set λ∗ = λ0 ∗ ω/sy, and λ = 1/λ∗.

Remark 3.2. In step 4, there are two ways to calculate the cross validation score:

1.

CV1(λ) = n−1
n∑
i=1

{yi − g̃−i(x{i})}2.

2.
γ̂−{j}(λ) = ((B)jt(B)j + λ I)−1(B)j

CV2(λ) = k−1
k∑
j=1

‖ybj − t(B)j γ̂−{j}(λ)‖22/n0,

where k is the number of equal-sized subsets, each containing n0 = n/k samples.

Remark 3.3. Due to the objective function defined in glmnet, we need to scale λ0 by a factor of
ω/sy.

4 Bandwidth Selection
In [2], the bandwidth was chosen using the dpill function in the KernSmooth package in R.
Using dpill as a starting point to select h in penalized local linear regression might be appropriate,
but this kind of selector has the suboptimal asymptotic behaviour for local quadratic or local cubic
regression. In this section, we review the theory behind bandwidth selection in order to develop a
more appropriate bandwidth selector for these degree local polynomial methods.

According to Loader [16], both the degree of the local polynomial and the bandwidth affect
the bias-variance trade-off. A high polynomial degree can always provide a better approximation
to the underlying mean than a low polynomial degree. Thus, fitting a high degree polynomial will
usually lead to an estimate g̃ with less bias but higher variance. It often suffices to choose a low
degree polynomial and concentrate on choosing the bandwidth to obtain a satisfactory fit. The
local linear estimator is very popular in practice. Compared to a local constant fit, a local linear
estimate usually produces more accurate results, especially at the boundaries. A natural extension
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of the local linear kernel estimator is the local quadratic fit. It has more degrees of freedom for
estimating regions of high curvature than do lines. Therefore, the peak and valley of g are better
estimated. In other words, a local quadratic estimator which uses the same bandwidth will reduce
bias, but increase the variance, especially at the boundaries. Fitting a local cubic can reduce bias
further with only a small increase in variability. Use of higher orders rarely produces much benefit.

Given the usual kernel shape, those observations close to x have more influence on the regres-
sion estimate at x than those farther away. The amount of relative influence is controlled by the
bandwidth h since it plays the role of a scaling factor which determines the spread of the kernel.
Take the local linear estimator as an example: If h is small, the local linear fitting process depends
heavily on those observations that are closest to x and tends to yield a more wiggly estimate. As h
becomes closer to zero the estimator tends towards an interpolant of the data. On the other hand,
larger h tends to weight the observations more equally and as h increases, the estimator tends
towards the ordinary least squares estimator.

In 1994, Ruppert and Wand [10] derived an asymptotically optimal bandwidth formula by
setting the conditional weighted mean integrated squared error (MISE) of g̃(·;h, p) which is given
by

MISE{g̃(·;h, p)|x1, . . . , xn} = E

[∫
{g̃(x;h, p)− g(x)}2f(x)dx|x1, . . . , xn

]
as the global loss criterion. For each xi ∈ X , xi ∈ R and have common density f and the sup-
port of f sit in R. The following notation will be used in the formulas: For a function L, µl(L) =∫
µlL(µ)dµ,R(L) =

∫
L(µ)2dµ, assuming the integrals converge; letKr,p(µ) = r!{|Mr,p(µ)|/|Np|}K(µ),

where Np is the (p+1)× (p+1) matrix having (i, j) entry equal to
∫
µi+j−2K(µ)dµ and Mr,p(µ)

is the same as Np, except that the (r + 1)th row is replaced by (1, µ, . . . , µp)ᵀ. The kernel Kp is
defined to be K0,p; let (L1 ∗ L2)(x) =

∫
L1(µ)L2(x − µ)dµ denote the convolution of two real

valued function L1 and L2.
It follows from theorem 4.1 of Ruppert and Wand [10] that

1. For p odd,

MISE{g̃(·;h, p)|x1, . . . , xn} = n−1h−1R(Kp)σ
2(b− a)

+ h2p+2{µp+1(Kp)/(p+ 1)!}2
∫
g(p+1)(x)2f(x)dx

+ op(n−1h−1 + h2p+2),

where a = min(xi), b = max(xi).

2. For p even,

MISE{g̃(·;h, p)|x1, . . . , xn} = n−1h−1R(Kp)σ
2(b− a)

+ h2p+4µp+2(Kp)
2

∫
(
g(p+1)(x)f ′(x)

f(x)(p+ 1)!
+
g(p+2)(x)

(p+ 2)!
)2f(x)dx

+ op(n−1h−1 + h2p+4).
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Lemma 4.1. If the first derivative of the common density function f(x) equals 0, then for p even,

MISE{g̃(·;h, p)|x1, . . . , xn} =MISE{g̃(·;h, p+ 1)|x1, . . . , xn}.

Proof.

MISE{g̃(·;h, p)|x1, . . . , xn} = n−1h−1R(Kp)σ
2(b− a)

+ h2p+4µp+2(Kp)
2

∫
(
g(p+2)(x)

(p+ 2)!
)2f(x)dx

+ op(n−1h−1 + h2p+4)

= n−1h−1R(Kp+1)σ
2(b− a) since Kp = Kp+1 if p is even

+ h2(p+1)+2µ(p+1)+1(Kp+1)
2

∫
(
g(p+1+1)(x)

(p+ 1 + 1)!
)2f(x)dx

+ op(n−1h−1 + h2(p+1)+2)

=MISE{g̃(·;h, p+ 1)|x1, . . . , xn}.

By increasing the polynomial order from odd to the next even number, the bias order decreases.
This effect is analogous to the bias reduction achieved by higher-order kernels.

Simple algebra yields the optimal bandwidth for MISE when p odd:

hMISE '
[

(p+ 1)(p!)2R(Kp)σ
2(b− a)

2µp+1(Kp)2n
∫
g(p+1)(x)2f(x)dx

] 1
2p+3

. (8)

Based on (8), Ruppert et al. [11] construct an effective bandwidth selector called the direct
plug-in selector for local least squares regression. They also provide two other bandwidth selec-
tors: the rule-of-thumb bandwidth selector and the solve-the-equation bandwidth selector, to com-
pare with the direct plug-in bandwidth selector. Based on the good performance, straightforward
implementation and well-understood theoretical properties, they recommended the direct plug-in
bandwidth selector. However, they only considered the case where p is odd, and then showed the
details for the local linear bandwidth selection based on their approach.

In this section, the direct plug-in bandwidth selector will be extended for the local cubic case,
and the result can be also considered as a quadratic bandwidth selector when the first derivative of
the design density function f(x) is 0.

Let’s first introduce some notation that will be used later:

1. Let
θrs =

∫
g(r)(x)g(s)(x)f(x)dx r, s ≥ 0, r + s even,

where g(r) denotes the rth order derivative of g(x) and f(x) is the density function of X .
Assuming g has r + s continuous derivatives.
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2. Let N be the number of subsamples, and let Xj denote the jth subsample of the ordered
Xi’s. If N divides n and t = n/N, then Xj = {X((j−1)t+1), . . . , X(jt)}, if N does not divide
n, then slightly adjust the subsamples.

3. Let g̃Qj (x) be the least squares quartic fit obtained from data having Xi values in Xj . The
blocked quartic estimator for σ2 is

σ̂2
Q(N) = (n− 5N)−1

n∑
i=1

N∑
j=1

{Yi − g̃Qj (Xi)}21{Xi∈Xj}. (9)

The blocked quartic estimator for θrs is

θ̂Qrs(N) = n−1
n∑
i=1

N∑
j=1

(g̃Qj )
(r)(Xi)(g̃

Q
j )

(s)(Xi)1{Xi∈Xj}.

4. In the case where the Xi’s are supported on [a, b], for some small value of α, the θ̂rs(φ) by

θ̂αrs(φ) = n−1
n∑
i=1

g(r)(Xi)g
(s)(Xi)1{(1−α)a+αb<Xi<αa+(1−α)b}.

Algorithm 4.2. Estimate the bandwidth for local cubic regression by using the direct plug-in
method:

1. Find θ̂Q46(N̂) and σ̂2
Q(N̂) based on a blocked quartic fit [6] with N̂ chosen according to

Mallows’s Cp criterion [8] and Nmax given by

Nmax = max{min(bn/20c, N∗), 1},

with N∗ = 5.

2. Estimate θ44 using θ̂.0544 (φ̂), where φ̂ = κ
1
11

(
σ̂2
Q(N̂)(b−a)
|θ̂Q46(N̂)|n

) 1
11

, and

κ =

{
1620R(K4,5)

µ6(K4,5)
if θ̂Q46(N̂) > 0

360R(K4,5)

µ6(K4,5)
if θ̂Q46(N̂) < 0.

(10)

3. Estimate ρ using ρ̂ =
[
(4!)4R(K3∗K3−2K3)

8(µ4(K3))4

] 1
17

[
σ̂2
Q(N̂)(b−a)

(θ̂.0544 (φ̂))2n2

] 1
17

4. Estimate σ̂2 using σ̂3
2(ρ̂) = υ−1

∑n
i=1{yi − g̃(xi; ρ̂, 3)}2, where υ = n − 2

∑
iwii +∑∑

ij w
2
ij and wij = eᵀ1(X

ᵀ
3,xi
WxiX3,xi)

−1Xᵀ
3,xi
Wxiej. Here ej denotes a column vector

having 1 as its jth entry and all other entries equal to zero.

8



5. Finally, estimate the bandwidth

ĥ =

[
4(3!)2R(K3)

2(µ4(K3))2

] 1
9

[
σ̂2
3(ρ̂)(b− a)
θ̂.0544 (φ̂)n

] 1
9

.

The dpilc function in the R package sharpData implements this procedure.

5 Numerical Results

5.1 Simulations
In order to compare the effectiveness of the ridge approach with the approach in Braun et all [2],
we conducted simulations and use the AISE (Asymptotic Integrated Squared Error) as a basis for
this comparison. For each simulation example, a regression function g(·) is specified, and we set
the sample size to be n = 100 and set the number of the grid points at m = 100. Observations
(xi, yi) for i = 1, . . . , n, were generated independently according to the model

yi = g(xi) + εi xi ∈ [a, b] εi ∼ N(0, σ2),

where [a, b] and σ are specified for each simulation examples. For each specified g(·) and σ, we ran
500 simulations and then calculated the AISE values for each resulting estimate. Based on the 500
AISE values, we plotted the density curve of the AISE realizations to compare the performance of
different estimators. The estimators we considered are: original unconstrained local polynomial
estimator (black); ridge based data sharpened local estimator associated with CV1(λ) (orange);
ridge based data sharpened local estimator associated with CV2(λ) (green); data sharpened local
estimator provided in [2] (blue).

The conventional estimator g̃(·) was specified as either the local linear or local quadratic esti-
mator, denoted by g̃ll;h1(·) or g̃lq;h2(·) with bandwidth h1 and h2 respectively. Penalized local linear
and local quadratic estimators are denoted by ĝll;λ∗1,h1(·) or ĝlq;λ∗2,h2(·) with tuning parameters λ∗1, λ

∗
2

and bandwidths h1, h2 respectively. For the local linear estimator, we chose the bandwidth h1 by
the plug-in method using the dpill function in the R package KernSmooth [12, Wand (2015)].
For the local quadratic estimator, we chose the bandwidth h2 by the plug-in method using the dpilc
function in our R package sharpData. The tuning parameter λ was chosen by the R function
glmnet() according to the algorithm in Section 3.

5.2 Periodic Penalty
Our first target function is g(x) = 6x + 3sin(4πx) + 5cos(4πx) for x ∈ [0, 1]. The global
constraint was set as b = D4 + (4π)2D2, to allow the true mean function to be a solution of
[b ◦ g](x) = 0. xi : i = 1, . . . , n taken as the n equally spaced points over [0, 1], and the grid
points zj : j = 1, . . . ,m were taken as the m equally spaced points over [0, 1]. In 3 different sets
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of experiments, we set σ = 0.3, 1, or 3 respectively to generate random errors. Here, the global
constraint we used in the data sharpening process was associated with the exact value α = 4π.

(a) σ = 0.3. (b) σ = 1. (c) σ = 3.

Figure 1: Estimated AISE density curves based on 4 smoothers applied to 500 simulated sam-
ples of size 100 for three different noise standard deviations. The target function is g(x) =
6x + 3sin(4πx) + 5cos(4πx). The black curve corresponds to local linear estimation (loc_l); the
orange curve corresponds to the ridge based data sharpened local linear estimator associated with
CV1(λ) (ridge_cv1); the green curve corresponds to the ridge based data sharpened local linear
estimator associated with CV2(λ) (ridge_cv2); the blue curve corresponds to the data sharpened
local estimator provided in [2] (bhk_l).

(a) σ = 0.3. (b) σ = 1. (c) σ = 3.

Figure 2: Estimated AISE density curves based on 4 smoothers applied to 500 simulated samples
of size 100 for three different noise standard deviations. The target function is g(x) = 6x +
3sin(4πx) + 5cos(4πx). The black curve corresponds to local quadratic estimation (loc_l); the
orange curve corresponds to the ridge based data sharpened local quadratic estimator associated
with CV1(λ) (ridge_cv1); the green curve corresponds to the ridge based data sharpened local
quadratic estimator associated with CV2(λ) (ridge_cv2); the blue curve corresponds to the data
sharpened local quadratic estimator provided in [2] (bhk_l).

5.3 Exponential penalty
Our second target function was g(x) = exp(αx)/5 + 30 for x ∈ [0, 1] and α = 6. The global
constraint was set as b = D2−αD, to allow the true mean function to be a solution of [b◦g](x) = 0.
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xi : i = 1, . . . , n taken as the n equally spaced points over [0, 1], and the grid points zj : j =
1, . . . ,m were taken as the m equally spaced points over [0, 1]. For our 3 simulation experiments,
we set σ = 4, 7, or 10 respectively. Here, we use function lm() and nls() to estimate α. Therefore,
the global constraint we used in the data sharpening process was b = D2 − α̂D.

(a) σ = 4. (b) σ = 7. (c) σ = 10.

Figure 3: Estimated AISE density curves based on 4 smoothers applied to 500 simulated samples of
size 100 for three different noise standard deviations. The target function is g(x) = exp(6x)/5+30.
The black curve corresponds to local linear estimation (loc_l); the orange curve corresponds to the
ridge based data sharpened local linear estimator associated with CV1(λ) (ridge_cv1); the green
curve corresponds to the ridge based data sharpened local linear estimator associated with CV2(λ)
(ridge_cv2); the blue curve corresponds to the data sharpened local estimator provided in [2]
(bhk_l).

(a) σ = 4. (b) σ = 7. (c) σ = 10.

Figure 4: Estimated AISE density curves based on 4 smoothers applied to 500 simulated samples of
size 100 for three different noise standard deviations. The target function is g(x) = exp(6x)/5+30.
The black curve corresponds to local quadratic estimation (loc_l); the orange curve corresponds to
the ridge based data sharpened local quadratic estimator associated with CV1(λ) (ridge_cv1); the
green curve corresponds to the ridge based data sharpened local quadratic estimator associated with
CV2(λ) (ridge_cv2); the blue curve corresponds to the data sharpened local quadratic estimator
provided in [2] (bhk_l).

According to the density curves in Figure 1, Figure 2, Figure 3 and Figure 4, both the ridge
based data sharpening estimators (withCV1(λ) and withCV2(λ)) and Braun et al’s data sharpening
estimator provide an overall smaller AISE once a σ value is fixed, no matter which degree of local
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estimator they were based on. Figure 1 and Figure 2 show that, in the periodic examples, with a
fixed σ, both the ridge based data sharpening estimator associated with CV2(λ) and Braun et al’s
data sharpening estimator provide an overall smaller AISE based on the local quadratic estimator
than based on the local linear estimator.

Meanwhile, the ridge based data sharpening estimator associated with CV2(λ) performs best
in all situations, but the ridge based data sharpening estimator associated with CV1(λ) performs
worse than Braun et al’s [2] method in all situations.

In general, if the global constraint is associate with an exact α value, the ridge based data
sharpening estimator associated with CV2(λ) performs better than Braun et al’s [2] method and
the advantage improves as σ increases. When the global constraint is associated with an estimated
α value, the ridge based data sharpening estimator associated with CV2(λ) can still compete with
Braun et al’s [2] method.

6 An Illustration on Temperature Data
We use the collection of weekly minimum temperature at the Vancouver airport from the official
website of Environment Canada. The subset we used here starts from 1977/01/01 and ends at
1980/12/27. It has 4 time periods. Therefore, we apply a periodic penalty guided by the differential
equation b◦g = D4g+(8π)2D2g = 0 to local linear and local quadratic regression estimators with
the bandwidth hl determined by dpill() and hq determined by dpilc(), respectively. The estimators
we consider are: original unconstrained local linear estimator (black solid); original unconstrained
local quadratic estimator (black dash); ridge based data sharpened local linear estimator associated
with CV1(λ) (orange solid); ridge based data sharpened local quadratic estimator associated with
CV1(λ) (orange dash); ridge based data sharpened local linear estimator associated with CV2(λ)
(green solid); ridge based data sharpened local quadratic estimator associated with CV2(λ) (green
dash); data sharpened local linear estimator provided in [2] (blue solid) and data sharpened local
quadratic estimator provided in [2] (blue dash).
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(a) (b)

(c) (d)

Figure 5: A week-by-week sample (Saturday) of daily minimum temperatures recorded at Vancou-
ver Airport from 1977 through 1980. The black curve represents a local linear estimation (loc_l);
the orange curve represents the ridge based data sharpened local linear estimator associated with
CV1(λ) (ridge_cv1); the green curve represents the ridge based data sharpened local linear estima-
tor associated with CV2(λ) (ridge_cv2); the blue curve represents the data sharpened local linear
estimator provided in [2] (bhk_l).

Based on the simulation study, the ridge based data sharpened local estimator associated with
CV2(λ) is the most accurate in the data analysis.
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